Abstract. In this paper, we investigate the relationship between di¤erential polynomials and meromorphic functions of finite order of some second order linear di¤erential equations with meromorphic coe‰cients. We obtain some precise estimates.
may have nonconstant solutions of finite order. For instance f ðzÞ ¼ e z þ 1 satisfies f 00 þ e z f 0 À e z f ¼ 0.
In [3] , Z. X. Chen (i) f , f 0 , f 00 all have infinitely many fixed points and satisfy lð f À zÞ ¼ lð f 0 À zÞ ¼ lð f 00 À zÞ ¼ y;
(ii) the di¤erential polynomial
has infinitely many fixed points and satisfies lðg À zÞ ¼ y.
Recently Theorem A has been generalized to higher order di¤erential equations by the author as follows (see [1] ):
Theorem C ( [1] ). Let P j ðzÞ ¼ P n i¼0 a i; j z i ð j ¼ 0; . . . ; k À 1Þ be nonconstant polynomials where a 0; j ; . . . ; a n; j ð j ¼ 0; 1; . . . ; k À 1Þ are complex numbers such that a n; j a n; 0 0 0 ð j ¼ 1; . . . ; k À 1Þ, let A j ðzÞ ðD 0Þ ð j ¼ 0; . . . ; k À 1Þ be meromorphic functions. Suppose that arg a n; j 0 arg a n; 0 or a n; j ¼ ca n; 0 ð0 < c < 1Þ ð j ¼ 1; . . . ; k À 1Þ, rðA j Þ < n ð j ¼ 0; . . . ; k À 1Þ. Then every meromorphic solution f ðzÞ D 0 of the equation
where k b 2, is of infinite order.
The main purpose of this paper is to study the relation between meromorphic functions of finite order and di¤erential polynomials of second order linear di¤erential equation (1.1). For some related results of linear di¤erential equations with entire coe‰cients, we refer the reader to [2] . In fact we will prove the following results: Theorem 1.1. Let PðzÞ ¼ P n i¼0 a i z i and QðzÞ ¼ P n i¼0 b i z i be nonconstant polynomials where a i , b i ði ¼ 0; 1; . . . ; nÞ are complex numbers, a n 0 0, b n 0 0 such that arg a n 0 arg b n or a n ¼ cb n ð0 < c < 1Þ and A 1 ðzÞ, A 0 ðzÞ ðD 0Þ be meromorphic functions with rðA j Þ < n ð j ¼ 0; 1Þ. Let d 0 ðzÞ, d 1 ðzÞ, d 2 ðzÞ be polynomials that are not all equal to zero, jðzÞ D 0 is a meromorphic function with finite order. If f ðzÞ D 0 is a meromorphic solution of (1.1) with lð1=f Þ < y, then the di¤erential polynomial gðzÞ
Remark 1.1. In the following Theorem 1.2, we remove the condition lð1=f Þ < y. Theorem 1.2. Suppose that PðzÞ, QðzÞ, A 1 ðzÞ, A 0 ðzÞ satisfy the hypotheses of Theorem 1.1. If jðzÞ D 0 is a meromorphic function with finite order, then every meromorphic solution f of (1.1) satisfies lð f À jÞ ¼ lð f 0 À jÞ ¼ lð f 00 À jÞ ¼ y.
Preliminary Lemmas
We need the following lemmas in the proofs of our theorems.
Lemma 2.1 ( [6] ). Let f be a transcendental meromorphic function of finite order r, let G ¼ fðk 1 ; j 1 Þ; ðk 2 ; j 2 Þ; . . . ; ðk m ; j m Þg denote a finite set of distinct pairs of integers that satisfy k i > j i b 0 for i ¼ 1; . . . ; m and let e > 0 be a given constant. Then the following estimations hold:
(i) There exists a set E 1 H ½0; 2pÞ that has linear measure zero, such that if c A ½0; 2pÞ À E 1 , then there is a constant R By y B E 5 we see that: (i) if dðP; yÞ > 0, then by 0 < l þ e < n and (2.7), we know that (2.4) holds for a su‰ciently large r;
(ii) if dðP; yÞ < 0, then by 0 < l þ e < n and (2.7), we know that (2.5) holds for a su‰ciently large r.
Lemma 2.4 ([5]
). Let A 0 ; A 1 ; . . . ; A kÀ1 , F D 0 be finite order meromorphic functions. If f is a meromorphic solution with rð f Þ ¼ y of the equation
Lemma 2.5 [8, p. 344] . Let f ðzÞ ¼ P y n¼0 a n z n be an entire function, mðrÞ be the maximum term, i.e., mðrÞ ¼ maxfja n jr n ; n ¼ 0; 1; . . .g and let n f ðrÞ be the (i) mðrÞ is strictly increasing for all r su‰ciently large, is continuous and tends to þy as r ! y;
(ii) n f ðrÞ is increasing, piecewise constant, right-continuous and also tends to þy as r ! y. holds for all jzj outside a set E 7 of r of finite logarithmic measure.
Lemma 2.8 ([4]).
Suppose that f ðzÞ is a meromorphic function with rð f Þ ¼ b < y. Then for any given e > 0, there is a set E 8 H ð1; þyÞ of finite logarithmic measure, such that j f ðzÞj a expfr bþe g ð 2:12Þ
holds for jzj ¼ r B ½0; 1 U E 8 , r ! þy.
Lemma 2.9. Let f ðzÞ be a meromorphic function with rð f Þ ¼ y and the exponent lð1=f Þ of convergence of the poles of f ðzÞ is finite, lð1=f Þ < y. Let d j ðzÞ ðj ¼ 0; 1; 2Þ be polynomials that are not all equal to zero. Then
satisfies rðgÞ ¼ y.
Proof. We suppose that rðgÞ ¼ r < y and then we obtain a contradiction. First we suppose that d 2 ðzÞ D 0. Set f ðzÞ ¼ wðzÞ=hðzÞ, where hðzÞ is canonical product (or polynomial) formed with the non-zero poles of f ðzÞ, lðhÞ ¼ rðhÞ ¼ lð1=f Þ ¼ r 1 < y, wðzÞ is an entire function with rðwÞ ¼ rð f Þ ¼ y. We have Set the logarithmic measure of
then there exists a point r n A ½r 0 n ; ðg þ 1Þr holds for su‰ciently large r n . Now we take point z n satisfying jz n j ¼ r n and wðz n Þ ¼ Mðr n ; wÞ, by (2.22) and (2.23), we get . . . ; nÞ are complex numbers, a n 0 0, b n 0 0 such that arg a n 0 arg b n or a n ¼ cb n ð0 < c < 1Þ. We denote index sets by
L 2 ¼ f0; P; Q; 2P; P þ Qg:
Þ and H Q D 0 are all meromorphic functions of orders that are less than n, setting
(ii) If H j ð j A L 2 Þ and H 2Q D 0 are all meromorphic functions of orders that are less than n, setting C 2 ðzÞ ¼ P Proof. The proof of (i) and (ii) are similar, we prove only (ii). We divide this into two cases to prove:
Case 1: Suppose first that arg a n 0 arg b n . Then arg a n , arg b n , argða n þ b n Þ are three distinct arguments. Set rðH 0 Þ ¼ b < n. By Lemma 2.2, for any given e 0 < e < min By Lemma 2.3, there exists a ray arg z ¼ y A ½0; 2pÞnE 1 U E 2 U E 0 , E 2 ; E 0 H ½0; 2pÞ being defined as in Lemma 2.3, E 2 having linear measure zero, E 0 being a finite set, such that dð2P; yÞ ¼ 2dðP; yÞ < 0; dðP þ Q; yÞ < 0; dð2Q; yÞ ¼ 2dðQ; yÞ > 0 and for the above e, we have for su‰ciently large jzj ¼ r jH 2Q e 2Q j b expfð1 À eÞ2dðQ; yÞr n g; ð2:36Þ
jH Q e Q j a expfð1 þ eÞdðQ; yÞr n g; ð2:37Þ
jH PþQ e PþQ j a expfð1 À eÞdðP þ Q; yÞr n g < 1; ð2:38Þ jH 2P e 2P j a expfð1 À eÞ2dðP; yÞr n g < 1; ð2:39Þ
jH P e P j a expfð1 À eÞdðP; yÞr n g < 1:
41Þ
and b þ e < n, we obtain from ð2:41Þ a contradiction. Hence C 2 ðzÞ þ H 2Q e 2Q D 0.
Case 2: Suppose now a n ¼ cb n ð0 < c < 1Þ. Then for any ray arg z ¼ y, we have dðP; yÞ ¼ cdðQ; yÞ; dð2P; yÞ ¼ 2cdðQ; yÞ; dðP þ Q; yÞ ¼ ð1 þ cÞdðQ; yÞ; dð2Q; yÞ ¼ 2dðQ; yÞ:
Then by Lemma 2.2 and Lemma 2.3, for any given e 0 < e < min 1Àc
there exist E j H ½0; 2pÞ ðj ¼ 0; 1; 2Þ that have linear measure zero, where E 0 , E 1 and E 2 are defined as in the case 1 respectively. We take the ray arg z ¼ y A ½0; 2pÞnE 1 U E 2 U E 0 such that dðQ; yÞ > 0 and for su‰ciently large jzj ¼ r, we have (2.35)-(2.37) and 
45Þ
By b þ e < n and 4e < 1 À c, we have as r ! þy
ð2:47Þ expfð1 þ eÞ2cdðQ; yÞr n g expfð1 À eÞ2dðQ; yÞr n g ! 0: ð2:48Þ By (2.45)-(2.48), we get 1 a 0. This is a contradiction, hence C 2 ðzÞ þ H 2Q e 2Q D 0.
(iii) Set r ¼ maxfrðjÞ; rðfÞg < y. Then by Lemma 2.1, for any given e > 0, there exists a set E H ½0; 2pÞ that has linear measure zero, such that if y A ½0; 2pÞ À E, then there is a constant R ¼ RðyÞ > 1 such that for all z satisfying arg z ¼ y and jzj b R, we have . By using similar reasoning to that in the proof of (ii), the proof of (iii) can be completed.
3 Proof of Theorem 1.1
Suppose that f ðzÞ D 0 is a meromorphic solution of equation (1.1) with lð1=f Þ < y. Then by Theorem C we have rð f Þ ¼ y. First we suppose that 
Di¤erentiating both sides of equation (3.1) and replacing f 00 with f 00 ¼
3Þ
Then we have 
On the other hand by (1.1), (3.9) and (3.10)
ð3:12Þ By (3.11), (3.12) we get where F 1 ðzÞ and F 0 ðzÞ are meromorphic functions with rðF 1 Þ a n, rðF 0 Þ a n. By (3.14) we can write 
